We consider arithmetic progressions consisting of integers which are y-components of solutions of an equation of the form x 2 − dy 2 = m. We show that for almost all four-term arithmetic progressions such an equation exists. We construct a seven-term arithmetic progression with the given property, and also several five-term arithmetic progressions which satisfy two different equations of the given form. These results are obtained by studying the properties of a parametric family of elliptic curves.
Introduction
In [8] it was shown that for the four-term arithmetic progression 1, 3, 5, 7 there exists Pellian equation x 2 − dy 2 = m, where d is not a square, such that 1, 3, 5, 7 are y-components of the solutions of this equation. On the other hand, it was shown that for the arithmetic progressions 0, 1, 2, 3 such an equation does not exist.
In this paper, we will show that the progression 0, 1, 2, 3 (and its companion progression −3, −2, −1, 0) is unique with this property. Namely, for any other four-term arithmetic progression consisting of integers there exist infinitely many equations of the form x 2 − dy 2 = m, where d is not a square (if d is a square and m = 0, the problem is trivial) and gcd(d, m) is squarefree (so that the equations are essentially distinct) for which the elements of the given progression form y-components of solutions. (obtained by APECS [2] command Gcub) give the elliptic curve
The discriminant of (4) is
Hence, the curve is singular exactly when (a, k) = (−5, 2), (−2, 1), (−1, 2), (−1, 1), (−3, 2). We give the images of the obvious rational points on (1):
It is clear that T 1 , T 2 , T 3 are torsion points on (4) of order 2, and we will show that, in general, the point P is of infinite order. Indeed, we have
If P has finite order then, by Lutz-Nagell theorem, the points 3P and 4P have integer coordinates. This implies (a + 2k)|4 and k|4, which gives only six (nonsingular) possible values for (a, k). Testing the coordinates of 5P for these six points, we find that only possible values are (a, k) = (−3, 1) and (a, k) = (0, 1). In both cases we obtain that the point P is of order 6. Using mwrank [3] , we checked that for (a, k) = (−3, 1), (0, 1) the rank of (4) is equal to 0. So, it is easy to compute all values for (d, m) in these cases, and it follows that we always have a trivial situation: d = 0 or m = 0. If a, k are such that P has infinite order, then there exist infinitely many rational points [x, y] on (4). Each such (non-torsion) point (assuming that (4) is nonsingular) induces the rational point [u, v] on (1). By formulas (2) and (3) Let us consider the singular cases. They correspond to the sequences −5, −3, −1, 1; −2, −1, 0, 1; −1, 1, 3, 5; −1, 0, 1, 2; −3, −1, 1, 3. Thus, it suffices to consider the three-term sequences 1, 3, 5 and 0, 1, 2. Both cases, of course, correspond to curves of genus 0, and it is easy to find infinitely many solutions, i.e. pairs (d, m):
Therefore, we proved 
An elliptic surface
In the previous section, we have seen that the problem of determining the generic rank of the family of elliptic curves (4) is relevant to our problem. In this section, we will compute this rank. We consider the elliptic curve E over Q(T ):
The short Weierstrass form of E is
The discriminant of E is
We will compute rang C(T ) E using Shioda's formula [9, Corollary 5.3]:
Here N S(E, C) is the Néron-Severi group of E over C, and the sum ranges over all singular fibres of the pencil E t , with m s the number of irreducible components of the fibre. Since deg A = 4 and deg B = 6, we conclude that E is a rational surface. Hence, by [9, Lemma 10.1], we have rang N S(E, C) = 10. The numbers m s can be easily determined from Kodaira types of singular fibres (see [6, Section 4] ), which are given in the following table (with the notation:
Therefore, we have
We claim that also rang Q(T ) E = 1. A result of Shioda [9, Theorem 10.10] suggests that the generators of E * (Q(T )) can be found among the points of the form [
It is not hard to find all such points since the conditions on α 1 and γ 1 both lead to elliptic curves of rank = 0:
Here we list all such points (±):
2 − 72T − 69, 432T 3 + 2160T 2 + 3348T + 1620],
(the points P , T 1 , T 2 , T 3 correspond to the points with the same names in the previous section). This list suggests that the point P is the generator of E * (Q(T )). In order to prove this statement it suffices to find a specialization T → t for which the point P (t) is the generator of E * t (Q). We took the specialization t = 1, and both mwrank [3] and APECS [2] confirmed that the rank for this specialization Note that all above examples correspond to curves with rank > 1. This is not surprising since we checked that small multiples of P do not lead to fiveterm progressions with max(|a|, |k|) < 10 6 . Therefore we considered only curves with rank ≥ 2 (the rank and the generator are computed by mwrank) and, using a program written in PARI/GP [1] , we checked whether the pairs (d, m) induced by small linear combinations of the generator satisfy the additional condition that the fifth term in the arithmetic progression satisfies the same Pellian equation.
Standard conjectures imply that (at least) 50% of curves in the studied family should have rank ≥ 2. Indeed, we have found many curves with rank = 2, but also some with the higher rank. The largest rank found in the range max(|a|, |k|) < 7000 is 7, and it is obtained for a/k = 619/6089, 1015/5416, 5864/1971, 5945/5706, 6029/1024. These high-rank curves were found using the sieving procedure similar to that used in [5] . The ranks were computed by mwrank. We give here some details only for the curve corresponding to a/k = 619/6089. Its minimal equation is
and seven independent points of infinite order are:
[ 
Remark 1
The above examples also suggest (somewhat surprisingly) that long arithmetic progression appears almost with the same frequency in the equations x 2 −dy 2 = m with d positive as with d negative. We give here some support to this observation (the similar arguments were used e.g. in [4] ). Let us consider the case (a, k) = (1, 2), treated in [8] , where the corresponding elliptic curve is y 2 = x 3 − 63x + 162.
Then, the points with y > 0 and (−3 < x < 3 or x > 9), y < 0 and (−9 < x < 1 or 6 < x < 21) induce positive d (only finitely many of them will give d = square). These conditions can be transformed in conditions for periods z, in parametrization by Weierstrass function ℘(z). We have noted that for a point Q, the points Q + T 1 , Q + T 2 , Q + T 3 , −Q + P induce the same pair (d, m) as the point Q. So, in this particular case, it suffices to consider the points kP , k > 0. We obtain (e.g. using PARI) the periods w 1 ≈ 1.1656168, w 2 ≈ 0.8570259, and w(P ) :
which is certainly satisfied for infinitely many k's (by Bohl-Sierpiński-Weyl theorem [7, pp. 24-27] ); the smallest are: k = 2, 4, 5, 7, 9, 10 (k = 2 gives d = square). Hence, the smallest solutions correspond to points 4P , 5P , 7P . The first two appeared in [8] ; the third gives d = 603638196016911937479885, m = −475682124977406960077036. But the same argument shows that there are infinitely many k's for which d is negative (the smallest are: k = 3, 6, 8).
A seven-term arithmetic progression
For (a, k) = (−461, 166) we obtain the elliptic curve Using the point P 2 , the above construction gives the equation
with the property that the seven numbers a, a + k, a + 2k, a + 3k, a + 4k, a + 5k, a + 6k, i.e. y = −461, −295, −129, 37, 203, 369, 535 are solutions of this equation. This is the longest known arithmetic progression (with distinct absolute values) on curves of the form x 2 − dy 2 = m.
We also found several six-term arithmetic progressions: 
